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Abstract 



New relativistic wave equations (RWE) for massive particles with ar- 
Q ■ bitrary half-integer spins s interacting with external electromagnetic fields 

Q . are proposed. They are based on wave functions which are irreducible 

I tensors of rank 2n (n = s — ^) antisymmetric w.r.t. n pairs of indices, 

I ■ whose components are bispinors. The form of RWE is straightforward and 

free of inconsistencies associated with the other approaches to equations 
I describing interacting higher spin particles. 

m ■ 

^ ; 1 Introduction 
^ ■ 

^ . Over the years many relativistic wave equations (RWE) for description of particles 

! with arbitrary spin s have been proposed and studied in detail by the field- or 

^ \ group-theoretical methods (see e.g. PP -[TTj and surveys in jT^I - [El)- It turns out 

p • that the various proposed RWE are more or less equivalent as far as free particles 

^ ■ are concerned but differ essentially in the physically more relevant cases, i.e., 

. whenever interactions of particles with an external electromagnetic or other field 

! are taken into account. In fact it has been discovered that several difficulties arises 

^ I for RWE describing higher spin particles interacting with external fields. They 

d ' are related to several mutually dependent facts and can be briefiy summarized 
as follows. 



• First, the wave function which is a solution of a given first order RWE 
describing a particle with higher spin s {s > 1/2) must necessarily have 
more components than are theoretically required (i.e., more than 2(2s -t- 
1)). Hence the RWE should be provided with the appropriate number 
of constraints to ensure the right number of independent components of 
the wave function. While this requirement can be met in the case of the 
RWE for free particles, the introduction of interactions with an external 
electromagnetic field may cause a failure in this respect. It leads either to 
too many constraints on the components of wave function or to not enough 



of them (for details see jT3], [12] or [HI), or it yields to an unacceptable 
restriction on the external field already discussed by Fierz and Pauli in |H] 
(see also jTEl)- The algebraic criteria which determine whether or not the 
above mentioned difficulties will arise, can be found in [Til] . 

• Second, the wave function describing a higher spin particle interacting with 
external fields can propagate acausally since the corresponding RWE may 
not be hyperbolic or the propagation speed of the wave function can be lager 
then that of the velocity of light in the vacuum. This phenomenon which 
was first discovered to the surprise of theoreticians by Velo and Zwanziger 
[T3] in 1969 (see however also paper by Johnson and Sudarshan of ^Tj) re- 
opened the problem of RWE once again - the problem that, after the papers 
of Salam and Mathews JU] and by Schwinger [20] had been considered as 
completely solved. 

• Third, unacceptable changes in the anticommutation rules for field compo- 
nents can occur when interactions with an electromagnetic (or other) field 
are introduced [T7j (see also ^13j). 

• In the fourth place, modes of complex frequency (i.e., the complex energy 
levels) may appear for a system of higher spin particle interacting with a 
strong external magnetic field (for details see [21] )• 

• Fifth, starting with spin s RWE for a free particle and introducing to it 
interactions via minimal coupling a charged particle is described whose 
gyromagnetic ratio g is equal to ^ instead of the desired g = 2 (see, e.g., 
[H],). The other inconsistency of RWE with minimal interaction consists in 
the absence of spin-orbit coupling [22] 

• Let us remark that the above mentioned difficulties are in addition to those 
which appear already in the free particle theory, namely, that the charge of 
integer spin particle and energy of half-integer spin particle are indefinite 
(see, e.g., [7|, |S7|). 

In order to complete this brief survey let us mention main disadvantages of 
the most frequently used approaches. 

In the Bargman-Wigner formulation [H] in which the wave function has 2s 
bispinorial indices and satisfies the Dirac equation for each of them the main 
disadvantage consists in the impossibility to introduce a minimal interaction be- 
cause the resultant equations have trivial solutions only. The same is true for 
covariant systems of equations proposed by Bakri |23j . 

In the Bhabha approach j2^ the corresponding equations admit the minimal 
interaction |2S1- But these equations describe multiplets of particles with spins 
equal to s, s — 1, sq where sq = | or sq = for half- integer and integer spins 
respectively. 
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The Lomont-Moses |^^, Hagen-Hurley |2Z], and Dirac-like equations with 
differential constraints j2HI are causal in the case of anomalous interaction, but 
yield complex energies for a particle interacting with crossed electric and magnetic 
fields 

The Weinberg equations j|22j for particles of spin s contain time derivatives of 
order 2s, and, as a result, admit nonphysical solutions. For the recent analysis 
of these equations see ref. pUj . 

The relativistic Schrodinger equations without redundant components [SI] 
admit reasonable quasirelativistic approximations however, make troubles 
to introduce minimal interaction since they are formulated in terms of integro- 
differential operators. 

These inconsistencies of RWE for particles with higher spin s are especially 
provoking due to the following well-known experimental facts: (i) that many 
baryonic resonances with spins equal to s = |,|,... up to y have been found 
and are well established [32], (ii) that relatively stable and massive vector bosons 
and W~ mediating weak interactions were discovered and has been studied 
in great details, (iii) that there exists a number of composite systems (e.g., exotic 
atoms jSSl, or excited states of the Helium nuclei ) whose energy states and other 
properties should be described by the RWE for particles of higher spin. 

Moreover, in connection with the idea of unification of fundamental particle 
interactions and of quantum theory with gravity in contemporary particle physics 
(i.e., in string theories, supergravity, M-theory, etc.) many interacting higher 
spin particles or other objects (p-branes) have been introduced and must be 
consistently described (and not only in 3+1 dimensions!). 

In the present paper we propose new equations for charged massive particles 
with arbitrary half-integer spins interacting with an electromagnetic (or other) 
external field. In fact we propose two kinds of models: one for a single interacting 
particle and the second one for a pair of particles or more precisely for a parity 
doublet. Our approach is based on wave functions with well defined tensorial 
and spinorial properties. Namely, our wave functions describing an interacting 
massive particle with higher spin s is an irreducible skew-symmetric tensor of 
rank 2n with n = s — ^ each component of which is a bispinor. 

Our approach is simple and straightforward when going from, say, s = | to 
a general half-integer spin s, is causal, describes the anomalous interaction of a 
particle having spin s and preferred value g = 2 of the gyromagnetic ratio, has a 
suitable non-relativistic limit, etc. 

The appearance of RWE which consistently describe pairs of higher spin parti- 
cles (parity doublets) instead of single particles might be advantageous of our ap- 
proach since most of above mentioned observed resonances with higher spins have 
been found to be parity doublets [22]. Mathematically, each of these RWE actu- 
ally define a carrier space of irreducible representation of the complete Poincare 
group (i.e., the Poincare group including discrete transformations P,T and C) 
which, when considered as a representation space of the proper Poincare group. 
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corresponds to the carrier space of a reducible representations isomorphic to a 
direct sum of two equivalent irreducible representations. 

We shall restrict ourselves to massiveinterracting particles since for mass- 
less ones there are no-go theorems which state that it is impossible to build a 
consistent theory of interaction of such particles with electromagnetic [.3,4 or 
gravitational [35J fields in space-time which is assymptotically flat . However, we 
present a brief discussion of the massless limit of free particle equations which 
appears to be well defined and generates consistent equations for massless fields 
with arbitrary spins. 

In Section II we outline the Rarita-Schwinger theory [36] for particles of spin 
s = I and discuss the troubles with interaction problems. Notice that, contrary 
to the statement of paper jSTj these troubles cannot be overcome with using the 
Singh-Hagen approach [S] (for the proof see Appendix A) . 

In Sections III-V we introduce a new formulation of equations for particles 
with spin | (which effectively are equations for parity doublets) which are causal. 
The massless limit of these equations is discussed in Section VI. In Section VII 
we present equations for single particle states, causality aspects of which are 
discussed in Appendix B . 



2 Rarita-Schwinger equation 

We begin with the most popular formulation of RWE for particle of spin | pro- 
posed by Rarita and Schwinger [32]. The wave function is a 16-component 
fourvector-bispinor ip'^^^ with fj, = 0, 1, 2, 3 being a four-vector index and a = 
1,2,3,4 a bispinor index which will be usually omitted. Then the RS equation 
can be written in the form [HH] 

{ixP^ + m) V'' = 0, , . 

where 7a are the Dirac matrices acting on the bispinor index in the following 

way: (7aV^'')(„) = K=i ilx)ia){a)^(ay 

Contracting the first of equations (2.1) with 7^ we obtain the compatibility 
condition for the system (2.1): 

P^V = 0. (2.2) 
The RS system (2.1), (2.2) can be rewritten as a single equation 

= = (2-3) 

with operator L^,^ of the form 

= (YPu + m) g^x - l^Px - 7aP^ + 7/. (7>r. - 7a. (2.4) 
Reducing (2.3) with 7^ and we get equations (2.1). 
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Equation (2.3) admits the Lagrangian formulation. The corresponding La- 
grangian L can be written as 

L = rL,,r, (2.5) 

where ip'^ = ip^^'jo- 

Let us discuss now the RS equation with interaction. The minimal interaction 
with the external e.m. field can be introduced replacing 

Pti-^T^ii=Pti~ eA^ (2.8) 

in the considered free equation. In order to be sure that this change does not 
break the compatibility of our equations we have to make change ()2.8p in the 
Lagrangian (2.5) whose variation w.r.t. ip'^ generates the following equation 



(7^7r^ + m) ^Z^'' - 7''7r„?/^" - 7r^7„?/^° + -f^' {Yt^u - m) -fxip^ = 0. (2.9) 
Contracting ()2.9j) with 7^ and vr^ we obtain two conditions, namely 

= (2.10) 

and 

7i^r= (^luTT^-^m^ r^.. (2.11) 

Here 

2?> - ~ 1 
im'^ 2 

with 75 = 7o7i7273 and F'^" = — ^[7r^,7r°"] is the strength tensor of the electro- 
magnetic field. 

Using conditions ()2.1()j) . ()2.11|1 equation ()2.9|1 reduces to the form 

(7.71^^ + m)r- (tt'^ - jY) = 0, (2.12) 

which together with equation ()2.1()|1 is equivalent to ()2.9|1 . Equation ()2.12j) has 
a non-singular matrix coefficient for the time derivative and is called the "true 
motion equation" . 

There are two important physical requirements which have to be imposed to 
any RWE for a particle of spin s. Namely, that a) the related Cauchy initial 
value problem must possess a unique solution depending on 2(2s+l) initial data 
functions, and that b) the velocity of propagation of the wave solutions must not 
exceed the velocity of light in vacuum. 
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Condition a) for the the RS equation is fulfilled due to the following facts. 
First, evolution equation ()2.12|) is supplemented by constraint ()2.10|) . One more 
constraint is generated by equation ()2.9|1 for /i = 0: 

Tla'ipa + {laTTa - m)-fbiJb = (2.13) 

where summation is understood over the repeated indices a, 6 = 1, 2, 3. 

Relations ()2.1()j) and ()2.13|1 are compatible with ()2.12|1 and reduce the 16 
components to 8 (i.e., 2(2s + 1) with s = 3/2) independent ones. 

However, the RS equation does not satisfy requirement b). To show this it 
is sufficient to consider the equations ()2.10j) - ()2.12|) in the eikonal approximation 
vi/M = ip^^ e-x.Y){iTnjjX^) , r — > oo where ip^ are constants and is a constant four- 
vector. This actually means to substitute the characteristic four-vector to the 
covariant derivatives and keep only leading terms in n^. Then ()2.12j) reduces 
to a system of linear homogeneous algebraic equations. Equating to zero the 
determinant of matrix defining this system we obtain an algebraic equation for 
n^. Then, if all tiq satisfying this equation are real, the system ()2.9|) is hyperbolic 

2 

and if all satisfy ^ < 1 or tIq — < where = n\ + n\ + n\, the theory 
is causal [15j, [38 . 

However it seems that the simplest way to prove acausality of fj2.10|) . ()2.12j) 
is to choose ad hoc special solutions of the form = p'^(j) and show that it is 
acausal. In the eikonal approximation such solutions satisfy ()2.12j) identically 
provided ()2.10|) is satisfied. On the other hand, equation ()2.1Up is reduced to the 
following form 

Choosing = (n, 0, 0, 0) we conclude that ()2.14j) admits non-trivial solutions 
for time-like which evidently are acausal. Moreover, it is possible to show that 
acausal solutions appear even for very small (but non-zero) -F^^|15j. 

Thus the minimally coupled RS equation admits faster-than-light solutions 
and is not in this sense satisfactory. It was shown in [39J that the RS equation 
with anomalous interaction is acausal too (for the most recent analysis of this 
problem see ref. [40^ ) . 

It is, therefore, still current to search for consistent formulations of RWE for 
a particle with spin | and higher. They will be described in Sections HI- VII. 

3 Equations for parity doublets 

The RS equation with spin | and its generalizations have been formulated in 
terms of fourvector-bispinor and symmetric tensor-bispinor wave functions re- 
spectively ISj, |H]- 
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We shall propose here an approach valid for particles with arbitrary higher 
half-integer spins s in which the spin-s fermionic field is described by v]/ [A'i''i][M2f2]. - [MnJ^n] 
- an antisymmetric irreducible tensor-spinor of rank 2n^ (ra = s — |) satisfying 
the condition 

7mi7^i*'^"^'^''''^''''^"''"^ = 0, (3.1) 

where 7a and ja- are the Dirac matrices. Moreover, field il/l^*!^! 11^2 1)2]... jg supposed 
to satisfy the Dirac equation 

(7V - m)^[^^'^il['^2z.2]...[M.^^n] _ 0. (3.2) 
A mere consequence of (13.111 and ()3.2|1 is the following relation 

7Avr,^'^"^'^''''l-t^"''"l = 0. (3.3) 

We shall see that antisymmetric tensors are in many respects more convenient 
for constructing RWEs than the usually used symmetric tensors 0, 111, since they 
more naturally lead to causal equations. 

In accordance with its definition, field ■^Ip-^'^^^-'-Ip-"'^"^ transforms according to 
the representation 

[D{s - i, 0) © D(0, s - i)] ® [D(i, 0) © D(0, 1)] 

= D{s, 0) © D(0, s) © D{s - i) © D{1, s - i) (3.4) 
©D(s-l,0)©D(0,s-l) 

of the Lorentz group, so that it has 16s components. 

Relation 1)3.11) defines a static constraint, i.e., the constraint which does not 
involve derivatives. Expressing pQV|/[o^il[/^2!^2] - [/^7i!^n] terms of derivatives w.r.t. 
the space variables in ()3.3|) we get the second, dynamical constraint. 

Static constraint ()3.1|) suppresses the states corresponding to the representa- 
tions D[s — 1, 0) and D{0, s — 1) and relation ()3.3)1 reduces half of the remaining 
states, so that we have exactly 4(2s+l) independent components, i.e., twice more 
than necessary. 

Equations ()3.1|) - ()3.3|) can be replaced by the following equation 

rltllUl]lfl2U2]...lfJ.„U„][Xiai][X2CT2]...lXnCT„]TJj 

-i^ ^ ^Ai(Ti][A20-2j-..|A„o-„] 

= {l\P^ ~ m)\E'['^i^il['^2'^2]---[Mn''n] (^3 5^ 

_J_ ^ (^Ml^I^l _ ^'^l^Ml)p^^^V|>[Ao-][M2I^2]...[MnI^n] _ Q 



"'^i.e., the tensor antisymmetric w.r.t. permutations [li with Vi and symmetric w.r.t. per- 
mutations of [fii,Vi] with [fijjVj] and, moreover, having zero aU contractions with (7^-2^^ and 
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where the symbol denotes the sum over permutations of subindices (2, ...n) 
with 1 and tensor vl>[Mi'^il[M2i^2]...[Mn!^n] jg supposed to satisfy relation (jXTj) . 

Contracting ()3.5p with 7^71, we get an identity while contraction (j3.5p with 
Piilu yields relation ()3.3j) . 

It is important to notice that equations ()3.5|1 can be derived from a Lagrangian 
of the form 

r — ,r 1 r .^\^^l'^l]l^J■2V2]■■■l^J.nV„][Xlal][X2a2]...lXna■n]■iT, 

— ^ [tlliyi][tl2U2]...[t^nU„]''^ ^[Aicri][A20-2]...[A„(7„] l-J-^J 

with L[^i^i][^2^2]...[Mn^n][Aiai][A2a2]...[A„a„]^^^^^^^^^^^^^ ^^^^^^ defined in ( E^) and the 
tensor ^[^<t^i''i]-[t^nu„] assumed to satisfy dSl). 
In the case s = | this Lagrangian is of the form 

L = %,]L[^^l["'^]vl>[,^], (3.7) 

where 

-^(7^7'' - 7''7^)(pV - pV)- 

We notice that it is always possible to chose such Lagrangian which gener- 
ates also simultaneously equation ()3.H) (so that validity of this equation is not 
necessary to be assumed a priori). For s = 3/2 it has the form 

^[H[A^] = l(7"p„ - m)(^^^^'^'^ - g'^'g"^) 

+ ^{p^Y -p''l^){l^Y - l"!^) - ^{YY - YY){p^Y - P"!^) (3.9) 
+ ^(7/i7" - 7"7^)7pP^(7V - 7"7^)- 
The corresponding propagator is given by 

Gi^^ii^'^i = ^^^[{g^^g"'' - g^'^g"^) + Up^Y - p'l^ii^r - ri^) 

-lirr - rY){p^r - p"7^) + U^m" - rrhpP'ii^r - ri% 



(3.10) 



Let us comment that from the representation point of view our equations 
fl3.5|) are equivalent to those proposed by Lomont and Moses j^EI (see also 
and |2H|)- However, due to their different forms they essentially differ in the 
interaction context. Whereas our tensor-spinorial formulation ()3.5|1 seems to be 
suitable and very convenient for systematic and consistent introduction of various 
types of interactions, the Lomont-Moses formulation is consistent for description 
of free particles only. 
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4 Minimal and anomalous interactions 

The minimal interaction with an external electromagnetic field can be introduced 
by using replacement ()2.8j) in the Euler-Lagrange equation As a result we 

obtain 

Contracting ()4.1|) with 71^7^ and using ()3.1|) we obtain the following relation 

TT A 7o- f f ^ ' • ■ ■ f ^" " ^ '^^ " ^ ^ 

(^p^^ _ 'y^'yxFau) vI/[-^'^l[A'i''il---[Mn-i2^n-i]. 
In view of (KH|) and ()4.2j) equation ()4.1|1 can be written as 

Equations ()4.1|1 . and ()4.Hj) are suitable for description of a particle with 

arbitrary half-integer spin s. We shall discuss these equations in detail for the 
simplest case s = |. However, the obtained results remain true for arbitrary s. 

For s = I the corresponding tensor-spinor function has only one pair of indices 
and thus equations ()4.3|1 . ()3.1|1 are reduced to the following form 



le 
2m 



(4.2) 



(4.4) 



rt^^ = (^^vr'^ - m) ^[^^1 
and 

7a.7.^^^"' = 0. (4.5) 
Equation ()4.4p is equivalent to the system 

= 7A7r^^f - m^[^^"] = 0, (4.6) 

and 

= 7Avr^^'^"l _ ^ i ^^t^Y _ Y^^-^ 7A7r,^L^"l = 0, (4.7) 

where J^^'' = J^^^ ± l-f5e^'%^J^P'' , "^^^^ = ^l^'^] ± l-f5e''%^F^P''l 

Solving (gH) for ^'^"'^ and using ()4.7|1 we obtain the following relation 

(ttatt" - f 7A7c.i^'" - m^) - 1 (7^7^ - 7^7'^) i^A.^£"' = 0. (4.8) 
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Formula ()4.8|) presents a nice second-order hyperbolic differential equation 
whose solutions are causal. The same is true for components '^^^^'^^ , ex- 

pressed in terms of \1>[[^'^^ via relation ()4.7j) . as well as for vE'I'^^'l which is the sum 
of and ^L^^l. 

Let us remark that equation ()4.8p can be expressed in the form 



where (7 = 1, i.e., is reciprocal to s, and 5*^,^ are spin generators of the Lorentz 
group which act on the tensor-bispinor ^[j^*^' in the following way: 



Formula ()4.9|) generalizes the Zaitsev-Feynman-Gell-Mann equation for electron 
IH] to the case of particles with spin |. It describes a charged particle whose 
gyromagnetic ratio is ^ = |. 

Following Pauli we can generalize equation to that with "anomalous" 
interaction by adding to it a term L^i^'^^^p'^^ (F) linear in F'^'^, i.e., by changing 

_^[H[po"] _^ L^P'^^^P'^^n) + L^p'^^^p'^\F) . 

This term can be found as a linear combination of all antisymmetric tensors 
linear in F'^". The complete set of such tensors can be derived in terms of tensors 
pl^lu]^ ^^lupa^ g^j^^ vectors 7^ and is given by: 

^[HW ^ ^^^^F^»(gPPg-- - gP-g-P), 

jjp,v][pcj] _ jpppgua _ jpupgfia _ Jpp.(T g[up] _|_ pva gpp ^ 

^ ^^g(^«/.^^!-P<x _ F^^ir^w^ + F"^^'^^^ - (4.11) 

j[p.v][pcT] ^ ppiy^YY — YY) + FP^ij^Y — Yi^)- 

Hence the general form of L^p'^^^p'^^ (F) can be written as 
7 

n=l 
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where a„ are arbitrary constants. 

A natural condition which can be imposed on L^f^'^^^p'^'^ (F) is that the equa- 
tion with anomalous interaction should be compatible with relations (jS.lj) which 
suppress spin | states. The sufficient conditions which guarantee this property 

^[HW are 

7^7,L[H[p-](F) =0 (4.13) 

and 

7r^7^L['^'^]['"^](F) = 0. (4.14) 
Substituting expression ()4.12|) into the conditions ()4.13|) and (j4.14j) we obtain 

2k 

4ai = 4^2 = as = = — , as = ag = a? = 0, 

where k is so far an arbitrary parameter. Consequently the equation with anoma- 
lous interaction is of the form 

r 1 r 1 , (4-15) 

+ S(i7a7.i^"'^^f ^ + i^.'^^f ^ - F.'^^t"'). 

Contracting ()4.15|) with 7^7^, and vr^7i/ we get again conditions ()3.ip and ()4.2|) . 
which enable us to write equation ()4.15p as a system which consists of fj4.6p and 
the equation 

(4.16) 

+ g(i7a7.i^"'^^f ^ + i^.'^^f ^ - FY¥r^) = 0. 

Solving equation ()4.(ip for \1''^^'^^ and using ()4.1(j|l we obtain the second order 
equation ()4.9|) in which, however, g = ^{1 + k) . 

Thus the anomalous interaction causes only one thing, namely, that the gyro- 
magnetic ratio g in ()4.8|1 which in minimal interaction case was fixed and equal 
to ^ becomes arbitrary, but the form of the equation remains the same. The 
possibility of changing g without changing the form of the equation seems to be 
an attractive feature of the proposed approach. 

We recall that even in the case of the Dirac equation introduction of the 
anomalous interaction leads to a very essential complication of the theory. In- 
deed, the Dirac equation with minimal interaction is mathematically equivalent 
to Zaitsev-Feynman-Gell-Mann equation, the explicit form of which can be ob- 
tained from ()4.9p by changing ^[|^^' tjj, g 2, S^'^ j [a^, a^\, where is a 
two-component spinor and are the Pauli matrices. In the case of anomalous 
interaction the related second-order equation (i.e., the analog of ()4.9|) ) includes 
a second order polynomial in F^^ and derivatives of F^^^ w.r.t. x\ as well, which 
does not happen in our approach. 

Taking = 2 we can get the gyromagnetic ratio g equal to 2, i.e., to its 
"natural value" (see, e.g., P7j). 
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5 Foldy-Wouthuysen reduction 



In order to analyze a non-relativistic approximation of equation ()4.15|1 it is con- 
venient to make the Foldy-Wouthuysen reduction and express the corresponding 
Hamiltonian in a power series of ^. For this purpose we shall introduce the 
following notations 



^ = column (^23^ ^31^ ^12^ ^01^ ^02^ ^03^ 



S^v — I. 



-lh2 
Z/12 



' Sc 
Sr 



(5.1) 



Sab ^abc 



5, 



Oa 



-Sa 
Sa 



where /12, Iq, and J4 are the 12 x 12, 6 x 6 and 4x4 unit matrices respectively, 
and Sc are 3x3 matrices elements of which are (sc)"'' 
Then equation ()4.1fj|l multiplied by 70 reads 



4* = 



(5.2) 



where 

H = 7o7a7ra + %m + cAq + %{1 + i%a2)^{gS^u - n^,%)Fi"'. (5.3) 
To simplify calculations we suppose that << 1 , a, 6, c = 1, 2, 3, and g 

t: 

with 



dxc 

2. Then, transforming H H' = VHV~^+iV-^V~^ where V = exp^iS^) exp{iS2) exp( 



^2 



m 

4m^ 



e{paEa + EaPa) " 2i 



at 



S3 = floSabcS^'TT' 

and omitting terms of the order of ^ we finally obtain^ 



e Qab dEg _ es{s+l) y _ ^ 



(5.4) 



^The only term in 1)5. 4|l which is of order i.e., the term should be present in as 
much as it is of the same order as three the last terms (c is the speed of light). Using the 
Heaviside units in wich h=c=l leads to implicite dependence of the Hamiltonian on c. 
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Here S denotes a vector (5*1, 5*2, S'3) with Sa = ^£abcSbc, Qab = 3 [S^, Sf,],,, — 
2s(s + l)5ab (s = |) is the quadrupole interaction tensor, and Ea and Ha denote 
components of the electric and magnetic fields vectors. 

All terms of Hamiltonian ()5.4|1 have a clear physical meaning. For positive 

2 

energy solutions they have the following interpretation: + ^ + cAq represents 
the Schrodinger Hamiltonian with the rest energy term, — the relativistic 
correction to the kinetic energy, ■ H is the Pauli coupling , - ■ {tt x E — 
E X -k) is the spin-orbit coupling, —j^^Q"''^^^ is the quadrupole coupling and 

- ^Q^2^ V • E is the Darwin coupling. 

Let us remark that all equations starting with ()4.3jl up to ()5.4j) can easily be 
extended to the case with arbitrary half-integer spin s. As a result we obtain 
the quasirelativistic Hamiltonian ()5.4j] which is of the same form but with S 
corresponding to appropriate spin matrices for the considered spin s. 



6 The massless case 

It is well known that relativistic wave equations for massless particles with higher 
spins cannot be generally obtained from those for massive particles by taking the 
limit m ^ Here we demonstrate that tensor-spinorial equations fKllj) and 
(I3.5|l have similiar properties like the Dirac equation, namely, that they have 
a clear physical meaning for m = provided some additional constraints are 
imposed on their solutions. 

We begin with spin s = |. Taking equation ()3.5|) appropriate for this case, 
setting in it m = and supposing that the condition 

7,^1'^"] = (6.1) 

is true, we obtain the equation 

7°p^^M = (6.2) 

which describes a massless field whose helicities are ±| and energy signes are ±1. 
This can be shown in the following way. 

Reducing ()6.2|) with •jy and using ()6.1|1 we get the condition 

p,$[H = 0. (6.3) 
It follows from (jnH) and (jEISI) that 

e.^pal"'^^'''^ = (6.4) 

and 

WP'^'"'"' = 0. (6.5) 
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In other words field vEft^^^l satisfies both the massless Dirac equation ()6.2|) and the 
Maxwell equations ()6.3|) and (j6.5p . 

Conditions ()6.4|1 reduces the number of independent components of to 8 
while relations (jfi.Hj) reduce this number to 4. To prove that solutions of ()fj.2|l . 

correspond to helicities ±| relations ()4.1()j) and ()(j.5|l should be used from 
which follow that 



SabcS^^pM^"^ = \ieabcl''l'pM^''^ = ^^75707%^''^'^'. (6.6) 

In accordance with ()fi.2j) and (jfi.fij) the eigenvalues of the related helicity oper- 
ator coincide with eigenvalues of the energy sign operator multiplied by ±|. Thus 
solutions of equations (j6.2|) and ()6.1|) belong to the carrier space of the irreducible 
representation -D^(|) ®-D^(|) ©-D+( — |) ©-D"( — |) of the Poincare group, where 
D'^{X) denotes representation corresponding to energy sign e and to helicity A. 
Imposing the additional constraints (1 + ^75)^!'^'^'^^ = or (1 — = it is 

possible to reduce this representation to D~^{^) ® -D^(— |) or -D~(|) ® D+(— |). 
In other words, relations ()6.2|) and ()6.1|) form a natural generalization of the 
massless Dirac equation to the case of spin |. 

We note that the ansatz 

where is a vector-spinor satisfying the condition 7a ^E''^ = reduces (jEHJ, 
()(j.2|l to the massless RS equation for \E'^ : 

7>„^'^ = 0, 7A^^ = 0. 

Equation ()6.7p is invariant w.r.t. the gauge transformation \I''*' ^ + 
where (p is an arbitrary solution of the massless Dirac equation 'y'^Paf = 0. 

Analogously, starting with equations (jS.lj) . ()3.5|1 for arbitrary spin we come 
to the following equations for the massless field with spin s = 

Like solutions of ()fi.2j) and (jfi.lj) . the related wave function ^[Mi^ilI^a'^al-lMni^n] has 
only four independent components corresponding to states with helicities ±s and 
energy signs ±1. 



7 Single particle Equations 

As was shown, equations (jH.lj) and ()3.2j) describe a doublet of relativistic particles 
with spin s. In order to find the Poincare and parity invariant equation for a single 
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particle it is necessary to impose on v[/[/*i'^i][A'2i'2]---[/^ni^n] g^j^ additional condition 
which annuls half of the physical components. It can be taken in the form 

P^-qjlfMUl][fM2V2]...lfJ.„U„] _ Q {7-1) 

The resulting system, i.e., ()3.1|) . ()3.2p and ()7.1|) obviously satisfies all required 
invariance properties and describes a particle of arbitrary half-integer spin s = 

2n+l 
2 ■ 

In the case s = | this system is reduced to the equations 

(7V - m)¥^"'^ = 0, (7.2) 



^^['^'^l = 0, (7.3) 



p^^tH = 0. (7.4) 

In the rest frame p = (m, 0, 0, 0) relation ()7.4|1 reduces to m\l/[°"l = 0, which 
implies = 0. Thus ()7.4|1 annuls half of the components of the wave function. 
On the other hand, in the rest frame condition ()7.3|) can be written as 

5^2^ = s(s + 1)^, s = ^, (7.5) 
where ^ = co/Mmn(^[23]^ ^[31]^ ^[12]) ^^^^ g ^ (^^^^ g^^^ g^^^ 

the total spin for 



the tensor-spinor wave function, components of which are given in ()4.10|1 . 

The system of equations (j7.2|l - ()7.4j) can be replaced by one equivalent equation 
which is of the form 

(7V - m)¥''^^ + YPx"^^^^^ - 7^PA^f^''^ - lll^p" 

-7V - (7^7" - 7^7'') (|7AP^ - f )]7A7<x^'^"l = 0. ^^'^^ 

Indeed, reducing fl7.(ij) with •y^'ju and p^7jy we get the system ()7.2j) - ()7.4|l . On 
the other hand, reducing ()7.6p with 7^, and denoting ji^'^^^'^^ by we obtain the 
RS equation (2.3) as an algebraic consequence of ()7.6p . However, equation ()7.6p 
is not of the Euler-Lagrange type. 

In order to find a Lagrangian generating equations ()7. 2^ - 1)7. 4j) one should add 
an auxiliary field. Using this old idea of Fierz and Pauli [2| the desired Lagrangian 
is given by 

L = L^' + + L^^, (7.7) 
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where L'^^ is the Lagrangian of the tensor-spinor field defined in ()3.7|) . (j3.9|) . 
L^^ is the Rarita-Schwinger Lagrangian given in (2.5) and L*^^ is the "crossed 
interaction" Lagrangian of the form 

-U^lHl'^riPx - 7sP'7a)^^ - ^\px - 7.P'7a)7''7"^[h)- 
Variation of Lagrangian ()7.7|) w.r.t. '^[fj.u] and \E'^ yields two equations, namely 

(7aP^ - m)*!'^''] - p'^^'^ + p^^'^ + 3^(7^7^ - 7''7'')(/ - 2pA7a^f^''l) 

+ ^(7''7" - 7^7'') (7a/ - m)7A7a^f^"l = ^^'^^ 

and 

(7aP^ + m)\l>^ - 7^(/ + m7A\I^'*') - p^jx"^^ 

_ (pM _ ^^pA^M)^^^^^[Aa] ^ ^^-^^^ 

in which / denotes the expression px"^^ — '-fxP^lu'^'^ ■ 

Reducing ()7.9|) with 7^7y we obtain condition ()7.3|) . Thus equations ()7.9p and 
()7.10|1 can be simplified to 

+^{rr - rr){f - 2pA7<x^'^"0 = 0, ^ ' ^ 

and 

(7aP^ + m)^^ - 7^(/ + m7A^^) - p''7a^^ + py-^^^""^ = 0. (7.12) 
respectively. 

Reducing equations ()7.11|1 successively with 7^, p^ and p^ju, and ()7.12|) with 
7^ and p^, we obtain equations ()7.2j) - ()7.4|l for vl/l^'^l and the condition = 0. 
In other words, the equations of motion annul the auxiliary field and are 
equivalent to the system ()7.2|) - ()7.4|) describing a particle of spin | and mass m. 

Taking into account relation ()7.3|) it is convenient to represent in the 

form 

= ^^^1^ ^^(^^f^A" -YA^), (7.13) 

where x'^'^and A'^ is a 7-irreducible tensor and vector, respectively. They satisfy 
the conditions: x'^'^ = ~x'^^i IvX^^ = and ''jpA'^ = 0. In view of ()7.3j] we easily 
find that x''^ = i^t''' and = 

Using variables ()7.13j) and introducing a minimal interaction via replacement 
Pfj, by 71^ we can write the related equations ()7.3j) , ()7.11|1 and ()7.12j) in the following 
equivalent form 

7^M(^^ _ A-^) - ^r^'{^^J^^ - A^) + ^(7^7^^ - 7^7^")/ .a) 
+m (x^^ - 1(7^'^ -7^^) +7^^^^ -7''^^) = 0, ^' ' 
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X^" - mi^^A" - YA^) - (vr • = 0, (7.15) 
where the following notations have been used: 

/ = tta^^ - 7A7r V*''- 

We show in Appendix B that for a rather extended class of external fields 
equations ()7.14|1 and ()7.15|) remain causal. 

8 Discussion 

In the paper RWE for a massive interacting particle with arbitrary half integer 
spin s has been proposed and especially for s = 3/2 discussed in detail. 

RWE considered in Section 3 are causal and free of most inconsistences which 
are typical for equations for particles of spin greater then 1. Moreover, these equa- 
tions have a physically suitable form in quasirelativistic approximation and are 
able to describe mostly used interactions such as Pauli, spin-orbit, quadrupole and 
Darwin couplings. We remind that even such popular equation as the Kemmer- 
Duffin-Petiau ^42jj one does not describe the spin-orbit coupling in the framewoork 
of the minimal interaction principle |22]- 

The other attractive feature of the tensor-spinorial wave equations consists 
in their hidden simplicity which can be recognized considering the second-order 
equation ()4.9|1 for the physical components. This equation can be easily solved 
for many particular cases of the external fields like it was done in [IHI, [SI for 
the special case of g = K We plan to present these exact solutions elsewhere. 

The considered equations have a reasonable zero mass limit for a free particle 
case and so can serve as a basis to formulate consistent equations for massless 
fields with arbitrary spin. Such equations were discussed briefly in Section VI. 

Finally, introduction of anomalous interaction into the tensor-spinorial wave 
equations generates a surprisingly small complexity of the theory in comparison 
with the case of the minimal interaction. In this aspect the proposed equations 
are quite unique and are more convenient than even the Dirac equation! 

We do not discuss specific kind of difficulties connected with the complex 
energy eigenvalues for the case of interaction with the constant magnetic field 
provided the gyromagnetic ratio g of the particle is equal to 2 12^. This problem 
arises also for the tensor-spinorial wave equation, but it can be overcome using 
the approach proposed in 

For completeness notice that single particle equations for spin | considered in 
Section VII correspond to the Harish- Chandra index 4 and thus belong to the class 
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described by Labonte ^] . We believe that our tensor-spinorial formulation ()7.6p - 
()7.12|) and ()7.14|) . ()7.15|) forms an appropriate basis for the theory of interacting 
particles of arbitrary half-integer spin and its various applications. 



A Inconsistency of Singh-Hagen equations 

A specific formulation of the RS equations was used by Singh and Hagen _8j who 
introduced an additional scalar-bispinor field ip such that ip^^ and if) satisfy the 
following system 

= {YPu + m) - It^aV'^ - i (p^ - h^YPu) ^ = 0, 
^ = Pur - {YPu - 2m) = 0, (Al) 
-f^ip^' = 0. 

Equations (Al) are equivalent to the RS equations. Indeed, denoting in (2.1) 
ip'^ + ^'f^ip by ip'^ we easily find that (Al) is an algebraic consequence of (2.1) 
and vice versa, because 

In contadistinction to the RS equation, it was stated in that the Singh- 
Hagen formulation (Al) is causal provided a nontrivial anomalous interaction 
is introduced. We think that this statement has no meaning since in the case 
of anomalous interaction proposed in j22| the Singh-Hagen equations became 
inconsistent. This can be easily seen in the following way. The equation proposed 
in has the form 

= (YPu + m) V^'^ - |7^Pa^^ -Hp''- h^l'^Pu) ^ + aF^^^ = 0, 
^ = PuV - {YPu - 2m) ^ = 0, (A3) 
7^V^^ = 

where a is a coupling constant. 

Using relations ()A2|) we reduce ()A3|) to the RS form: 



(YrTu + m)tp'' - Y'^a'^'' - 7r''-faip° + Y {Yt^v - m) 7a^^ + T^'''^pu = (A4) 
where 

T>"' = a (f!^"" - ^F^SatH • (A5) 
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It is easy to show that in contrast with ()2.9p . equation ()A4|) does not include 
required eight constraints but only four of them. Indeed, reducing ()A4|) with 7^ 
and TT^we obtain the correct number of constraints only for the case 

■ which is compatible with ()A5j) only for the trivial anomalous interaction 
aFf = 0. 

B Consistency of equations for singlets 

Let us show that for some class of external fields equations ()7.14|) . ()7.15p are 
consistent, i.e., include the correct number of constraints and are hyperbolic. To 
do this we will use also differential and algebraic consequences of these equations. 

Contracting ()7.14j) . ()7.15j) with 7^ and 'j^'ju and using ()7.14j) . ()7.15j) we come 
to the equivalent 7-irreducible set of equations: 

(tt ■ - (tt ■ A)''J' + 2mx^'' + lil'^Y - Yl^)(f + 3m7A^^) = 0, (Bl) 
7A7r^(^'^ - A^') - 7r'^7A^^ + m{2^^' - A^') + 7''(|/ + m7A^^) = 0, (B2) 
2n^X^'' + 7A7r^A^ - 2m(*^ - A^") - 7^(/ + m7A^^) = 0, (B3) 

Ti^A"" - 2/ - 3m7A*^ = 0. (B4) 

The other (differential) consequences can be found by reducing ()B1|) - ()B3|) with 
p^. In this way we obtain from ()B2|) . ()B3|) the following two relations: 



7A7rV + 6m27A^^ - 2z7aF^'^(^, - A,) = (B5) 

and 

mf= I U^F^^(^-A, - xl>.) + \haX^''\ ■ (B6) 



One more consequence can be obtained reducing ()B1|) with vr,^, acting on ()B2|) 
by 7A7r'^ and adding the resultant expressions together. We get 

^2^M + 1 , (^,^ _ 17/^7,^^-^ - A,) = 0. (B7) 

Reducing ()B7|) once more with vr^ we obtain a scalar consequence 



- ^^^^uF^"^ f = -27rAF^'^(^. - A„). (B8) 
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Applying operator ■jxn^ to ()B7|) and using ()B2|) . ()B5|) we come to one more 
consequence 

-27A7r^F^-(^, - A^) + IF'^^Ta/ = 0, 

Finally, contracting ()B7jl with F^^^n\ and using ()7.15j) we get the following 
important condition 

m^F'^^TTA^'^ - iF'^^7rA7'^7AF^'"(^a - ^a) - i75(^2(vr^^'" - 2/ 
-3m7A^^) - F^^ (^F^'^) - A.) = 0, 

where C2 = F^'^F^x is an invariant of the electromagnetic field. 

Now we are ready to analyze the constraint context of equations ()7.14|) and 
fl7.15|) . First we note that the considered system includes nine dependent variables 
(each being a four-component spinor). To describe a particle of spin | it is 
sufficient to have eight degrees of freedom and so we need seven constraints which 
do exist. Six of them are presented by equations ()7.14|1 for /i, = 1,2,3 and ()B7j) 
for n = 1,2, 3. The seventh constraint is easily obtained from ()B3|) for fi = and 



(BIO) 



2vr,x°" - 7aVraA° + l^T^aAa + 2m7A^^ + /) + 2m(^o - A^) = 0. 

The next task is to find the true motion equations. They are given by equation 
(Tmil for = 1,2,3,1/ = 0, by equations ^ for fi = 1,2,3 and by 

equation (jBlOjl . The related matrix with time derivatives is non-singular provided 



C2 ^ or (and) ^ 0. (Bll) 

On the other hand, if C2 = and = then relation ()B7j) for /i = reduces 
to the constraint expressing ip^ via other variables and so that in this case we do 
not need a motion equation for ijj^. 

To investigate causality we consider the true motion equations in the eikonal 
approximation. Substituting the characteristic four-vector to the covariant 
derivatives and keep only leading terms in we come to the following system 

rif^i^" - A'') - n'^(^'^ - A^) = 0, 

2n^X^'' + 7An^A^ = 0, 

(B12) 

m2(7An^^'' - n''7A^^) + f (7^7An^ - n^)7A-^'^''(^<T - A^) = 0, 
m^F^^riA^^ - I F^^nA7^7a^""(^a - A^) - t^^C^n^^'^ = 0. 

Setting = {n, 0, 0, 0) in ()B12|1 we easily find that x'"' = = = provided 
no and C2 are not equal to zero. Thus equations ()7.14|1 . ()7.15|1 are causal provided 
the external electromagnetic field satisfies the covariant relation C2 7^ 0. 

We remind that acausality of the RS equation is caused by non-covariance of 
its hyperbohcity condition [TTj . 
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